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Abstract

A failure model is considered which can be applied to n-phase brittle materials (in particular to ceramics). The authors attempt to
solve a physical problem of the description of failure of a micro-inhomogeneous solid as stochastic process of the cracking of
separate structural elements. The particular model is executed for n=1 (case of single-phase ceramics) and is applied for the
description of the mechanical behaviour of single-phase ceramic layers with various statistical distributions of the grains sizes. An
effective continuum and a statistical description of the failure process is used. There are four stages in the process. The first stage is
loading without microcracking and the second stage is a stable non-localized microcracking before maximum stress. The third stage
is a stable localized microcracking after stress maximum and the fourth stage is an unstable (catastrophic) fracture. The trends of the
theoretical calculations agree with data obtained from acoustic emission studies. © 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Ceramic materials show many outstanding physical
and chemical properties which make them interesting
materials for different engineering purposes. However,
their more intensive technical application is restricted by
their brittleness.

The strategy of ceramic strengthening is usually asso-
ciated with the design of ceramic composites that can
enable the operation of different mechanisms of fracture
energy absorption and/or dissipation. In addition to
these mechanisms, other properties can also be modified
by suitable microstructural design of composites,
including those which cannot be combined in a single-
phase material. In functional gradient materials even
more complex microstructural architectures have to be
developed. Different structural elements, such as parti-
cles, whiskers, filaments, platelets or laminae, and oth-
ers have been combined to tailor properties in
accordance with different service requirements.
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Composites are complicated systems which are char-
acterized by a host of interdependent parameters. The
theoretical prediction of mechanical behaviour provides
information related to the failure of such materials. The
strength of ceramic-matrix layered composites depend
on the strength of the ceramic-matrix layer.

The goal of the work proposed is to study the inter-
relationships between structure, mechanical character-
istics and fracture behaviour of the individual layers of
complex particulate-layered composites. It is necessary
for an optimal design and processing parameters for
fabrication of the composites.

For this purpose a failure model is considered which
can be applied to n-phase brittle materials (in particular
to ceramics). The authors attempt to solve a physical
problem of the description of failure of a micro-inho-
mogeneous solid as a stochastic process of cracking of
the separate structural elements. This particular model
is executed for n=1 (case of single-phase ceramics), and
is applied for the description of the mechanical beha-
viour of a single-phase ceramic layer with various sta-
tistical distributions of grains sizes. An effective
continuum and a statistical description of the failure
process is used.
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2. Microstructural fracture model of ceramic-matrix layer

We define the structural element of a composite
material as a homogeneous volume of material with
given properties. The elements have interfaces i.e. the
surfaces where the material properties experience sud-
den changes. Characteristics of the individual structural
elements, the form of statistical distribution, and load-
ing parameters are used as the initial data for calculat-
ing the volume fraction of the fractured structural
element. An arbitrary structural element is adopted for
the effective continuum. Anticipation of volume of the
fractured structural elements and probability of an
individual failed element are calculated with due con-
sideration being given to the local failure criterion. The
probability of an individually failed element is assumed
to be proportional to the relative number of the frac-
tured structural elements. The local failure criterion is
selected to coincide with the energetic approach of crack
nucleation [1,2].

2.1. Initial data for the model

The important parameter determining redistribution
of stresses between structural elements is the modulus of
elasticity of the material, £. The main loading para-
meter of the model is the density of elastic strain energy
in the material, ¢ =10-¢, where o=E(e)e (the elastic
modulus, E, depends on strain, e, in the general case).
Note that o and e are the intensity of the applied stress
and the intensity of deformation.

Characteristics of the individual structural elements
also affecting stress redistribution are the moduli of
elasticity, E;, and the volume fraction, f;, of each
component of composite. The strength of the individual
structural element is determined with the energy of
formation of new surface unit square y; of a given
component (this is the surface energy in the case of
tension).

There are the effective residual stresses in structural
elements of each component in multi-phase ceramics.
During cooling, the difference in deformation due to the
different thermal expansion coefficients of the com-
ponents is accommodated by creep, as long as the
temperature is sufficiently high. Below a certain tem-
perature, this will be termed the ‘joining’ temperature,
the different components become bonded together and
internal stresses appear. In each phase, the total
deformation after sintering, is the sum of an elastic
component and of a thermal component. In the case
of perfectly rigid bonding between the phases, the
total deformation will be the same for all the phases,
then:

_ %

E;

e; + ar;AT = const, (1)

where o, is the residual stress in /' phase, oy is the j-
phase thermal expansion coefficient, AT is the difference
in temperature between the actual temperature and the
joining temperature.

The force balance requires (in normal stresses):
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It is necessary to determine the statistical distribution of
structural element size for the model calculations. This

distribution depends strongly on several factors that are

affected by the fabrication process. Generally the loga-

rithmic normal distribution of structural element sizes is

used. The density of such distribution is
, 1 (In [; — M;)?

where /; is the structural element size, M, is the expecta-
tion of In /,,, /,, is the average size of j-phase element,
D; is the dispersion of distribution. We use the distribu-
tion parameter /nay j/l,,; and condition f{/max ;) =0.0001
where /.« ; is the effective maximum size of structural
element of j-phase. If it is known the parameters M; and
D; can be obtained from Eq. (6).

The normalized variables is used in the work. The
normalized density of strain energy is ¢* = ql,.1/v1,
where /,,; is the average size of element of phase called
first, y; is the surface energy of its phase. The normal-
ized modulus of elasticity of each component of com-
posite is Ef = E;/E. The normalized residual stress in
the j phase is a,’fj = 0,v/lm1/Ey1. The sizes of structural
elements are normalized by /,,;. All model stresses are
normalized, o* = 0+/[,;1/Ey1. All model deformations
are normalized, ex = e\/ElL, /1.

2.2. Basic equations of model

The probability of arbitrary structural element failure
for the j-phase can be calculated if the statistical distrib-
ution density fj;(s;) of the structural parameters s;; are
known. These parameters are mutually independent, i.e.
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where k£ is the total number of s; parameters, nj(-f) is the
number of the fractured elements of the j phase, #; is the
number of j-phase structural elements, ¢; < ;g is one of
the possible forms of the local criterion of failure (cri-
terion of the individual grain fracture), ¢} is the critical
density of strain energy depending on the structural
parameters s;;, o; characterizes the redistribution of the
strain energy density between the j-phase element and
the effective continuum. Generally the coefficient «; is
related to the redistribution of stresses. Assume that «;
is approximately equal to the ratio of elastic moduli of
the j phase and continuum [3]. The fractured structural
elements can be represented by pores as a first approx-
imation. In this case, if the strain of a j phase element
and the strain of the continuum are same the modulus
of effective continuum can be described by the expres-
sion E(1 — f;) according to a rule of mixtures assuming
that porosity can be replaced by the volume fraction of
the fractured structural eclements, f;. Hence,
aj = E;/E(1 — f;) that corresponds to the additive nat-
ure of energy.

The probability of failure of the structural element
with size /; < [ is given by

PP = / Sii(s1)) - Sig(sii)dsiy .. dsyg. ®)

qj°-<och
<1

It is evident that P " /n] where nj<ﬂ is the number

of j-phase failed structural elements with size /; < /.
Then the probability of event that the fractured element
of the j phase has the size /; < /is:
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The expectation of the volume of the fractured struc-
tural element for the j phase is defined as [4]:

T op?
0

where k; is the coefficient depended on the shape of the
j-phase structural elements. The expectation of the j-
phase element volume is

MV; = k; / syfi(s1)) dsi;, (9b)
0

where s1; = [; [4].

The parameter ¢; for a brittle material can be
obtained from an energy balance consideration given by
2

e _Kyi %
q; = I 2, )

(10)

where K; is the geometrical coefficient of structural ele-
ments (K 3 for spherical elements and transgranular
cracks). The second term in Eq. (10) is the elastic energy
of residual stresses. It is positive for external tensile load
and the compressive internal stress and negative if the
internal stress is positive.

The volume fraction of the fractured structural ele-
ments is given by

7.p0
fi= ZE‘AZ; : (11)
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If geometrical size of a structural element is the random
parameter and other structural parameters are determi-
nate, Eq. (11) can then be transformed to the following
form:

f,* l%];(l) d/;

Z ffo Bfil) di;’ (12)

where /; is the size of the structural element, f;(/;) is the
statlstlcal distribution density of /; and /; is the minimal
size of the fractured element. The mmlmal size value of
the fractured element of the j phase /7 can be obtained
from the equation o;q = ¢; and Eq. (10) when /; = ;.

2.3. Critical parameters of fracture

The dependence of the normalized strain energy den-
sity ¢" on the state parameter f; for single-phase brittle
material with /p,x/l,, = 3 is shown in Fig. 1 (for single-
phase material ly.x1 = lnax, /1 = 1, L,n = I,). The calcu-
lation was performed for a polycrystalline material
when [, is the average grain size. The curve related to
an internal stress free material. The interfaces between
the structural elements are assumed to be unfractured.

The curve in Fig. 1 determines the potential barrier in
the f; — state space for the transition of the material
from non-broken state to the completely broken mate-
rial. If the fractured structural elements exist initially in
the material, the f; — parameter would not contain
volume fraction of the failed element. The maximum of
the curve correspond to ultimate states of the material
under load. The maximum value of the strain energy
density is the critical strain energy density Q.. The nor-
malized value is Qf = % Note that f; is the volume
fraction of the failed elements in the ultimate state. The
stable states exist at fr < f. whereas the unstable states
correspond to fr > f.. There is the strain energy density
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Fig. 1. The dependence of relative strain energy density on the volume
fraction of fractured structural elements for a single phase material
with /nax/l, = 3: (1) stable non-localized microcracking stage; (2)
stable localized microcracking stage; (3) unstable (catastrophic) frac-
ture stage.

at initiation of microcracking ¢o. The normalized value
is g4 = qolm/y1. The spontaneous cracking of the struc-
tural elements occurs when ¢o=0.

The dependence of the normalized stress on the nor-
malized strain for a single phase material with
Imax/ln = 3 1s shown in Fig. 2. There are four stages of
process: the first is loading without microcracking; the
second is a stable non-localized microcracking before
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Fig. 2. The dependence of the normalized stress on the normalized
strain for a single-phase material with /.« /1, = 3: (1) loading without
microcracking; (2) stable non-localized microcracking stage; (3) stable
localized microcracking stage; (4) unstable (catastrophic) fracture
stage.

stress maximum. The third stage is a stable localized
microcracking after maximum stress, and the fourth
stage is unstable (catastrophic) fracture. The durations
of the third and fourth stages are very short time as a
result of fracture localization. Hence, these stages are
invisible in a practice. In Fig. 1 the stages of stable non-
localized microcracking and stable localized micro-
cracking are before the strain energy density maximum.
The stage of unstable (catastrophic) fracture is after the
maximum in Fig. 1.

The calculations are compared with acoustic-emission
experimental data for a brittle ceramic material under
load. The acoustic emission method determines the
onset of element failure. In the general case, initiation
does not correspond to the complete failure of the sam-
ple (Fig. 3 [5]). There is an interval of stable micro-
cracking predicted by the present model. The local
cracking before the failure at mechanical loading of
ceramics really exists.

The critical strain-energy density, Q., is the specific
volume value. The strain-energy release rate, G, is the
specific surface value. The strain-energy release rate, G,
is connected with the critical strain-energy density, Q.,
by the following ratio:

G. = chm

where [, is the size of an element of structure, which is
fractured at the moment of transition from the local
cracking to the catastrophic failure of a material. Here /.
is the characteristic linear scale on which occurs the
process of failure.

data and load

Load

ic emission
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-

Acoust

Time

Fig. 3. Acoustic emission data of flexural test for porcelain bars [5].
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3. Strength of ceramic-matrix layer: The effect of
grain size dispersion on single-phase ceramic strength

The mechanical behaviour of single-phase ceramic
layer is researched for the statistical distributions of
normalized sizes //I,, of structural elements with differ-
ent /y../L,.. The calculations were performed for a poly-
crystalline material when /,, is the average grain size.
The materials suppose an internal stress free materials.
The interfaces between the structural elements are
assumed to be unfractured. The statistical distributions
of normalized sizes ///,, of structural elements for the
materials are shown in Fig. 4.

The dependences of relative strain energy density on
the volume fraction of fractured structural elements are
presented in Fig. 5. The relative strain energy density
increases when /,./l,, decreases. The small structural
elements are stronger than the big structural elements. It
is resulted from the local criterion of failure and Eq.
(10). The dependences of the normalized stress on the
normalized strain are shown in Fig. 6. The stress max-
ima increase when /,,,//,, decreases.

The dependences of relative strain energy density at
microcracking initiation ¢, at fracture termination Qf
and at stress maximum QF . on /y,x/l, are presented in
Fig. 7. These parameters are same and maximum when
there is no dispersion of structural element sizes. Then
the difference between the parameters increase. For big
Imax/l,, the difference decreases. If the difference is zero
the total fracture is without microcracking. Hence, there
is critical parameter [,.x//,, and the fracture is total
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Fig. 4. The statistical distributions of normalized size ///,, of struc-
tural elements for a single phase material: (1) lnax/ln =3; (2)
lmax/lm = 5; (3) lmax/lm =7.
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Fig. 5. The dependences of relative strain energy density on the
volume fraction of fractured structural elements for a single-phase
material: (1) lmax/lm = 13» (2) lmax/lm = 3; (3) lmax/lm = 5; (4)
lmux/lm =38.

catastrophical (from first crack) when the dispersion of
grain sizes is more than critical value.

The dependences of volume fraction of fractured
structural elements at fracture termination f. and at
stress maximum f.,, on /,../l, are shown in Fig. 8.
These dependences are non-monotonic. The parameters
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Fig. 6. The dependences of the normalized stress on the normalized
strain for a single-phase material: (1) hyax/ln = 1.3; (2) hnax/lm = 3; (3)
/max/lm = 5; (4) lmax/lm =8.
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Fig. 7. The dependences of relative strain energy density at micro-
cracking initiation ¢,", at fracture termination Q. and at stress max-
imum Qcm* on lmax/lm: (1) Qc*; (2) Qcm*; (3) (]()*-

feand f., are equal to zero when there is no dispersion of
structural element sizes. These parameters increase when
the dispersion of grain sizes is less than some value and
decrease when the dispersion is more than this value.
The dependences of the normalized stress on /,ay//,
are presented in Fig. 9. The dependence of stress max-
imum, stress at fracture termination and stress at
microcracking initiation are shown. These stresses are

f.f
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B
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! 1 n 10

max m

Fig. 8. The dependences of volume fraction of fractured structural
elements at fracture termination f, and at stress maximum fo;,, On /yax/
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Fig. 9. The dependences of the normalized stress on /n,a./l,: (1) stress
maximum; (2) at fracture termination; (3) at microcracking initiation.

same and maximum when there is no dispersion of
structural element sizes. Then the difference between the
parameters increase. For big /..//, the difference
decreases. It is as same as for the relative strain energy
density. The dependences of the normalized strain on
Imax/l,, are shown in Fig. 10. The strain at fracture ter-
mination and at stress maximum are presented. These
parameters decrease when /,,«//,, increases.

0.9"lll‘llli!llllllll|

max m

Fig. 10. The dependences of the normalized strain on /.//,,: (1) at
fracture termination; (2) at stress maximum.
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4. Conclusions

The model of failure was considered which can be
applied to m-phase brittle materials (in particular to
ceramics). The authors try to solve a physical problem
of the description of failure of a microinhomogeneous
solid as stochastic process of the cracking of separate
structural elements. The particular modeling was exe-
cuted for n=1 (case of single-phase ceramics). The
above mentioned model was applied for the description
of mechanical behaviour of single-phase ceramic layer
with various statistical distributions of the grains sizes.

The proposed model provides prediction on the
dependence of the critical parameters of fracture for sin-
gle-phase and multi-phase solids with inhomogeneity and
the mechanical behaviour of loaded structural elements.

There are four stages of process. First stage is loading
without microcracking. Second stage is a stable non-
localized microcracking before stress maximum. Third
stage is a stable localized microcracking after stress max-
imum. Fourth stage is a unstable (catastrophic) fracture.

There is critical parameter /,,/l,,. The fracture is
total catastrophical (from first crack) when the disper-
sion of grain sizes is more than critical value.
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