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Abstract

Effect of macroscopic residual stresses on fracture resistance and crack arrest in non-symmetric Si3N4/Si3N4–xTiN (x ¼ 20, 30

wt%) layered specimens was investigated in this study. One of the aims of the work was also an examination of compliance technique

to study R-curve effect as applied to layered specimens. A special attention was paid to the development of an analytical method to

calculate fracture resistance – crack length dependence in layered structures having different elastic moduli of layers. The validity of

the method and its application were examined by calculating stress intensity coefficients for edge-cracked layered specimens and

comparison of the results with mechanical characteristics obtained from bending test.

� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Multilayered ceramic matrix composites (MCMC)

have a wide variety of applications in modern technol-

ogy. Layers comprising ceramic materials are exten-

sively used in engineering structural components with

the objective to improve the mechanical, thermal,

chemical and tribological performance. Recent research
and development in the area of MCMC seek to utilize

such materials in such diverse applications as surface

coatings, thermal barrier protection for turboengines,

valves in reciprocating engines for automobiles and

cutting tools.

Despite of many attractive properties such as high

hardness and high temperature stability, MCMC have

the major disadvantage of lacking reliability and sensi-
tivity to surface contact damage. The last factor can lead

to strength decreasing and even to catastrophic failure.

A number of strategies have been developed in recent

years to design tough and strong MCMC [1]. These in-

clude designing weak interfaces for crack deflection [2],

using residual compression in surface layers [3], pro-
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moting crack bifurcation effect in compressive layers [4],

controlling the frontal shape of the transformation

zones in zirconia ceramics [5]. These mechanisms should

provide an arrest of cracks in layered structure, in-

creasing consequently its reliability. The reliability of the

MCMC can be improved also by controlling the size of

flaws introduced into the material during processing.

This may be achieved by dispersion of a slurry of the
designated power and by its passing through a filter. As

a result only heterogeneities with sizes smaller than a

critical size can pass through, depending on the filter

fineness. Drawback of this procedure is its expensiveness

and that such material is still subject to damage during

machining with the reliability degraded accordingly.

In multilayered materials with strong interfaces the

differences in the coefficients of thermal expansion
(CTE) between dissimilar materials or phase transfor-

mation in layers inevitably generate thermal residual

stresses during subsequent cooling [6]. The essential

feature of residual stress distribution in a layered

structure is that it arises on a macroscopic scale. The

relative thickness of different layers determines the rel-

ative magnitudes of compressive and tensile stress, while

the magnitude of the strain mismatch between the layers
dictates the absolute values of the residual stresses.
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Fig. 1. Schematic of the two-component multilayer specimen.
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Control of the thermal stresses and the accompanying

changes in structure are important to ensure the struc-

tural integrity of the layered component during manu-

facturing and in service.

A key feature that imparts good mechanical proper-
ties in the multilayer systems is the ability to be tough-

ened significantly by placing their surfaces in residual

compression and to arrest crack. It was shown in [3] that

a residual surface compression of �500 MPa in a surface

layer of three-layered alumina–zirconia specimen can

increase its fracture toughness by a factor of 7.5 (up to 30

MPam1=2) for edge-crack lengths of the order of the

surface-layer thickness. The toughening derived from
macroscopic surface compression was in fact a crack

shielding phenomenon and the fracture toughness in-

creasing was equivalent to a crack growth resistance (R)
behavior [7]. The R-behavior is often connected with

bridging mechanism. The mechanism is associated with

the closure stress field that acts behind the tip of the

advancing crack [8]. However, there are some differences

in R-behavior resulted from bridging mechanism (this is
typical for non-layered ceramics) and from the shielding

phenomenon in layered structures. First, while bridging

mechanism gives rise to dependence of fracture resis-

tance only on crack length increment, the shielding effect

results in the dependence of fracture resistance on overall

crack length [3,7,9]. Second, the bridging mechanism

promotes an increasing fracture resistance with crack

advance whereas the shielding effect can induce both
increasing and decreasing of fracture resistance depend-

ing on crack tip location in tensile or compressive layer.

Actually layered specimen fracture resistance mea-

sured experimentally is the apparent fracture toughness.

This is due to superposition of different effects like re-

sidual stress shielding and structure in-homogeneity. In

fracture mechanics one usually includes stresses in the

crack driving force; however it is sometimes useful to
consider residual stresses as part of the crack resistance.

Thus the higher resistance to failure for layered struc-

ture with residual stress is obtained from a reduction of

the crack driving force rather than an increase in the

intrinsic material resistance to crack extension [9].

Despite of numerous experimental and theoretical

studies of fracture resistance of MCMC, systematic re-

searches of R-behavior and of crack arresting in layered
composites are very scarce. A great number of publi-

cations are dealing with symmetrical layered structure.

This is an idealized situation. Really laminates are

characterized by some dissymmetry of their architecture

due to random deviations in fabrication process. Besides

specific non-symmetrical layered structures are impor-

tant in some engineering applications. Conventional

analytical consideration of shielding effect in laminate
also neglects the difference between elastic moduli of

layers [3,7]. However, effect of different moduli on

fracture resistance of laminates is not so negligible. The
influence of elastic modulus variation across a layered

sample on R-curve behavior is investigated in [10]. It was

shown that the elastic moduli difference affects residual

stress distribution and has consequently a significant

influence on the measured R-curve behavior. But de-
tailed analysis of conditions of crack arresting, its stable/

non-stable growth was not carried out in [10].

The effect of macroscopic residual stresses on fracture

resistance and crack arresting in non-symmetric Si3N4-

based layered structures fabricated in the form of single-

edge-V-notch-bend (SEVNB) specimens is investigated

in this study. One of the aims of this work is also an

examination of compliance technique to study R-curve
effect as applied to layered specimens. A special atten-

tion is paid to the development of an analytical method

to calculate fracture resistance – crack length depen-

dence in layered structures having different elastic

moduli of layers. The validity of the method and its

application are examined by calculating stress intensity

coefficients for edge-cracked layered specimens and

comparing the results with the mechanical characteris-
tics obtained from bending test data.
2. The model

Fig. 1 shows a schematic of the two-component

multilayer specimen analyzed in this study. Parameter ti
designates thickness of layer number i. The total thick-
ness of specimen of rectangular cross-section is w, its
width is b, the total number of layers is N . Choice of

coordinate system is important for further consider-

ation. It is the most appropriate to put the coordinate

origin on tensile surface of bending specimen. The ge-

ometry of the multilayered material analyzed here is

such that the problem can be reduced to one dimension,

and that analytically tractable solutions can be used.
Here, the parameters of interest in the study of me-

chanical behavior depend only on x-coordinate.
It was shown in [3,11] that the stress intensity factor,

K1, due to an arbitrary stress distribution in the pro-



M. Lugovy et al. / Composites Science and Technology 64 (2004) 1947–1957 1949
spective path of the crack in the absence of the crack

rðxÞ, can be obtained as

K1 ¼
Z a

0

h
x
a
; a

� �
rðxÞdx; ð1Þ

where x is the distance along the crack length measured

from the surface for an edge crack, a is the crack length,
a ¼ a=w, w is the specimen thickness (Fig. 2). Note that

the distance along the crack length coincides with

x-coordinate in coordinate system chosen. For edge-

cracked specimens, Fett and Munz [11] have developed

the following weight function:

h
x
a
; a

� �
¼ ð2=paÞ1=2

1� x
a

� �1=2ð1� aÞ3=2

� ð1
�

� aÞ3=2 þ
X

Aml 1
�

� x
a

�mþ1

al
�
: ð2Þ

The values of the coefficients Aml and the exponents m
and l in (2) are listed in Table 1.

In a case when deformation is a function of coordi-
nate x only, it follows from strain compatibility [12] that

overall deformation eðxÞ must be linear for elastic ma-

terial:

eðxÞ ¼ e0 þ kx: ð3Þ
Here e0 is the deformation at x ¼ 0, k is the specimen

curvature. An equal biaxial stress state is known to be

the most appropriate approximation to describe stress

state in real layered specimens [13]. This is the case for

infinite dimensions along y- and z-directions, but with

finite value of specimen thickness. In the equal biaxial
stress state we have: eðxÞ ¼ ezz ¼ eyy ; rðxÞ ¼ rzz ¼ ryy ,

where ezz; eyy ; rzz; ryy are strain and stress components
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Fig. 2. Schematic of analyzed crack location in layered specimen.

Table 1

Values of coefficients Aml in Eq. (2) [11]

m l ¼ 0 l ¼ 1

0 0.498 2.4463

1 0.54165 )5.0806
2 )0.19277 2.55863
along z- and y-axis, respectively. Edge effects (occur-

rence of three-dimensional stresses near the edges of

layered composite over a distance from the edge which is

approximately equal to the layer thickness [14]) can be

neglected due to their high-localized character. Then

rðxÞ ¼ E0ðxÞ½eðxÞ � ~eðxÞ�; ð4Þ
where

E0ðxÞ ¼ EðxÞ=½1� mðxÞ�: ð5Þ
In Eqs. (4) and (5), EðxÞ; mðxÞ are the elastic modulus

and Poisson ratio distributions along x-axis. ~eðxÞ is the

strain non-associated with stress. It is associated with

thermal expansion or/and with a volume change due to a

crystallographic phase transformation.
The static balance conditions [12] in chosen coordi-

nate system result in a system of linear equations with

unknown values e0 and k:

Fa þ
R w
0
brðx; e0; kÞdx ¼ 0;

Ma þ
R w
0
bxrðx; e0; kÞdx ¼ 0;

(
ð6Þ

where Fa is the applied axial force, Ma is the applied
bending moment. Solution of the system is [13]

e0 ¼
�I2ðJ0 � Fa=bÞ þ I1ðJ1 �Ma=bÞ

I21 � I0I2
; ð7aÞ

k ¼ I1ðJ0 � Fa=bÞ � I0ðJ1 �Ma=bÞ
I21 � I0I2

; ð7bÞ

where

Ij ¼
Z w

0

xjE0ðxÞdx ðj ¼ 0; 1; 2Þ; ð8Þ

Jj ¼
Z w

0

xj~eðxÞE0ðxÞdx ðj ¼ 0; 1Þ: ð9Þ

Note that superposition principle is valid for this

problem. It permits to express the stress variation along

the path of the crack in a specimen as

rðxÞ ¼ raðxÞ þ rrðxÞ; ð10Þ
where raðxÞ is the bending stress in the prospective path

of the crack in the absence of any residual stress, rrðxÞ is
the residual stress distribution.

In [3] the bending stress raðxÞ was expressed as
follows:

raðxÞ ¼ rm 1

�
� 2x

w

�
; ð11Þ
l ¼ 2 l ¼ 3 l ¼ 4

0.07 1.3187 )3.067
24.3447 )32.7208 18.1214

)12.6415 19.763 )10.986
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where rm is the applied stress on tensile surface of

bending specimen. It is well known that

rm ¼ 1:5Ps
bw2

¼ 6Ma

bw2
: ð12Þ

Here P is the critical load (applied bending load corre-

sponding to specimen failure), s is the support span.
However, the differences in the elastic moduli of the

layers were not taken into account in [3]. Really different

elastic moduli of the layers result in specific distribution

of applied stress along x-direction. Elastic material

demonstrates continuous linear distribution of applied

strain under bending. This promotes piecewise-linear

distribution of applied stress, shown schematically in

Fig. 3. To derive applied stress distribution under
bending we can use expressions (3), (4), (7a), (7b) and

(12), taking into account that in this case Fa ¼ 0. We can

take ~eðxÞ ¼ 0 if applied stress acts only. Then it follows

that applied stress acting in the layer with number i is

raðxÞ ¼
E0
iw

2

6ðI2L1 � IL0IL2Þ
rm IL0x

	
� IL1



; xi�1 6 x6 xi:

ð13Þ
Here xi is the coordinate of upper boundary of ith layer.

E0
i ¼ Ei=ð1� miÞ;Ei and mi are the elastic modulus and

Poisson ratio of layer number i, respectively. ILj can be
obtained from expression (8) accounting for layered

structure (Fig. 1)

ILj ¼
1

jþ 1

XN
i¼1

E0
iðx

jþ1
i � xjþ1

i�1Þ ðj ¼ 0; 1; 2Þ: ð14Þ

Residual stress distribution can be found from Eqs.

(3), (4), (7a) and (7b), taking into account that Fa ¼ 0,

Ma ¼ 0 (Fig. 3):

rrðxÞ ¼
E0
i

I2L1 � IL0IL2
½IL1JL1 � IL2JL0 þ ðIL1JL0 � IL0JL1Þx�;

xi�1 6 x6 xi; ð15Þ
tensil
surface 
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Fig. 3. Schematic of residual and applied stress distribution in layered

specimen.
where JLj can be obtained from the expressions (9) ac-

counting for layered structure

JLj ¼
1

jþ 1

XN
i¼1

~eiE0
iðx

jþ1
i � xjþ1

i�1Þ ðj ¼ 0; 1Þ: ð16Þ

Here~ei is the strain of ith layer non-associated with stress.

The thermal expansion or/and a volume change due to a

crystallographic phase transformation can be the source
of this strain, however, the case of phase transformation

is out of the scope of this paper. In case of thermal ex-

pansion ~ei ¼
R Tj
T0
biðT ÞdT , where biðT Þ is thermal expan-

sion coefficient of ith layer at temperature T ; T0; Tj are
actual and joining temperature, respectively. Joining

temperature is determined as the temperature at which

the layers constituting the material are joined. If biðT Þ is a
linear function, ~ei ¼ hbiiDT , where DT ¼ Tj� T0,
hbii ¼ ½biðT0Þ þ biðTjÞ�=2 is the average value of thermal

expansion coefficient in temperature range from T0 to Tj.
Using the condition of crack growth (K1 ¼ K1c, K1c is

the fracture toughness of the layer which embeds the

crack tip) and (1), (10), we obtain

K1c ¼
Z a

0

h
x
a
; a

� �
raðxÞdxþ

Z a

0

h
x
a
; a

� �
rrðxÞdx: ð17Þ

Using Eq. (13) the first integral in (17) can be expressed

for a layered material asZ a

0

h
x
a
;a

� �
raðxÞdx¼

rmw2

6ðI2L1 � IL0IL2Þ

� E0
nþ1

Z a

xn

h
x
a
;a

� �
½IL0x

�
� IL1�dx

þ
Xn

i¼1

E0
i

Z xi

xi�1

h
x
a
;a

� �
½IL0x� IL1�dx

o
;

ð18Þ

where n is the number of layers broken by the crack (or

notch) completely (Fig. 2). Using Eq. (15), the second

integral in (17) for a layered material takes the form

Kr ¼
Z a

0

h
x
a
; a

� �
rrðxÞdx

¼ 1

I2L1 � IL0IL2
E0
nþ1

Z a

xn

h
x
a
; a

� �8<
:

� ½IL1JL1 � IL2JL0 þ ðIL1JL0 � IL0JL1Þx�dx

þ
Xn

i¼1

E0
i

Z xi

xi�1

h
x
a
; a

� �

�½IL1JL1 � IL2JL0 þ ðIL1JL0 � IL0JL1Þx�dx

9=
;: ð19Þ

Kr is the stress intensity due to the residual stresses.

The following formula is given for the stress intensity
of an edge crack in the specimen under bending as being

accurate to �0.2% in the range a ¼ 0 to 1 [15]:



Table 2

Thermoelastic parameters of components of layered structure
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K1 ¼
Ps

bw3=2
f0ðaÞ; ð20Þ

where f0ðaÞ is a non-dimensional stress intensity coeffi-

cient given by the following expression [15]:

f0ðaÞ ¼
1:5a1=2 1:99� að1� aÞð2:15� 3:93aþ 2:7a2Þ½ �

ð1þ 2aÞð1� aÞ3=2
:

ð21Þ
Taking into account Eqs. (12) and (21), expression (20)

can be transformed to the form

K1 ¼ Y ðaÞrma1=2; ð22Þ
where

Y ðaÞ ¼ 1:99� að1� aÞð2:15� 3:93aþ 2:7a2Þ
ð1þ 2aÞð1� aÞ3=2

ð23Þ

It was shown in [3] that Eqs. (20) and (22) can be suc-

cessfully used to determine fracture toughness of ce-

ramic matrix layered materials. However, it should be

noted that as applied to inhomogeneous (particularly,
layered) materials the equations give so-called apparent

fracture toughness. In bending test this is the fracture

toughness of some effective homogeneous specimen that

meets the following conditions: (1) to have the same

dimensions as real layered specimen; (2) to have notch

depth equal to that of a real layered specimen; (3) under

the same loading conditions to demonstrate the same

critical load as that for real layered specimen. In spite of
relativity of this value it is useful characteristic allowing

contributions of such factors as residual stresses and

material inhomogeneity to be accounted for. Thus ex-

perimental value of apparent fracture toughness of lay-

ered specimen can be found using expression (22):

Kapp ¼ Y ðaÞrma1=2: ð24Þ
It follows from Eqs. (17)–(19) and (24) that apparent

fracture toughness of layered composite Kapp can be

written as

Kapp ¼ ½6Y ðaÞa1=2ðI2L1 � IL0IL2ÞðKðiÞ
1c � KrÞ�

w2 E0
nþ1

Z a

xn

h
x
a
; a

� �
½IL0x

8<
:

8><
>:

,
� IL1�dx

þ
Xn

i¼1

E0
i

Z
i

xi�1

h
x
a
; a

� �
½IL0x� IL1�dx

9=
;
9>=
>;; ð25Þ

where KðiÞ
1c is the fracture toughness of ith layer material.
Composition Elastic

modulus

(GPa)

Poisson

ratio

Average value of

thermal expansion

coefficient (�10�6 K�1)

Si3N4 308 0.25 3

Si3N4–20wt% TiN 316 0.25 3.82

Si3N4–30wt% TiN 323 0.25 4.28
3. Experimental

The choice of composition for Si3N4 based ceramics

laminates is determined by the coefficient of thermal
expansion and Young’s modulus of the compounds.

Three compositions of composite layers were used: (1)

Si3N4 (M11, Starck, Germany); (2) Si3N4–20wt% TiN

(grade C, Starck, Germany); (3) Si3N4–30wt% TiN

(grade C, Starck, Germany). Young’s moduli, Poisson
ratios and average values of coefficients of thermal ex-

pansion of the components are presented in Table 2. The

more detailed information on thermomechanical pa-

rameters as well as joining temperature Tj for materials

under investigation is given in [16]. Mean values of in-

trinsic fracture toughness of monolith materials are

evaluated in the work to be approximately the same for

all layer compositions, being 5 MPam1=2. Note that the
intrinsic fracture toughness corresponds to the fracture

toughness of layer material.

Milling of mixtures of certain compositions were

done in the ball mill for 5 h. The formation of a thin

ceramic layer is of specific importance, as the sizes of

residual stress zones (tensile and compressive) are di-

rectly connected with the thickness of layers. Green

tapes were manufactured with rolling. Rolling permits
to control the thickness of green layers, to obtain high

green density and a rather low amount of solvent and

organic additives in comparison with other methods

such as a tape casting [17]. However there is a problem

to produce thin tapes, <100 lm, with a small amount of

plasticizer and sufficient strength and elasticity to handle

the green layers after rolling.

Crude rubber (4 wt%) was added to the mixture of
powders as a plastisizer through a 3% solution in petrol.

Then the powders were dried up to the 2 wt% residual

amount of petrol in the mixture. After powders were

sieved with a 500 lm sieve, granulated powders were

dried up to the 0.5 wt% residual petrol. A roll mill with

40 mm rolls was used for rolling. The velocity of rolling

was 1.5 m/min. Working pressure varied from 10 MPa

for relative density of tapes 64% to 100 MPa for 74%
density. The thickness of green tapes was either 0.4–0.5

or 0.8–1.0 mm, the width is 60–65 mm. Samples of ce-

ramics were prepared by hot pressing of tapes stacked

together. The hot pressing was performed at the tem-

perature 1780–1820 �C, the duration 20 min and the

pressure 30 MPa.

Green tapes were stacked together to form the de-

sirable layered structure. Graphite dies were used for the
hot pressing without protective atmosphere. After hot



Table 3

Geometrical characteristics of Si3N4/Si3N4–Xwt% TiN layered materials

Layer number Layer composition Layer thickness (lm)

X ¼ 20 (specimens of type 1) X ¼ 20 (specimens of type 2) X ¼ 30 (specimens of type 3)

1 Si3N4 295 275 955

2 Si3N4–Xwt% TiN 315 380 355

3 Si3N4 260 205 175

4 Si3N4–Xwt% TiN 465 400 345

5 Si3N4 205 180 185

6 Si3N4–Xwt% TiN 370 285 320

7 Si3N4 200 230 180

8 Si3N4–Xwt% TiN 330 280 315

9 Si3N4 190 175 160

10 Si3N4–Xwt% TiN 370 355 380

11 Si3N4 180 200 –

12 Si3N4–Xwt% TiN 390 390 –

13 Si3N4 235 295 –

14 Si3N4–Xwt% TiN 195 175 –

15 Si3N4 – 175 –
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pressing, the thickness of the Si3N4 layers was in the

range of 160–960 lm, and the thickness of the Si3N4

layers with TiN additive varied from 160 to 480 lm.

Geometrical characteristics of layered specimens are

listed in Table 3.

The specimens for mechanical tests were prepared

from hot pressed plates. SEVNB specimens were used

for testing. The test data have confirmed that the
SEVNB method can be easier applied in practice and

can be used for the majority of advanced ceramics and

ceramic particulate composites [18]. The V-notches with

tip radii of an order of 10–15 lm were made in the

specimens. Optical photograph of typical notch tip is

presented in Fig. 4. The dimensions of specimens were
Fig. 4. Optical photograph of layered specimen with typical notch tip.
45 mm� 5 mm� 4 mm (types 1 and 2), 45 mm�
5 mm� 3.37 mm (type 3). The depth of the notches was

about 60–80% of the specimen thickness.

A stiff load cell ensuring the rigid loading of speci-

mens under three-point bending with a 16 mm span was

used for mechanical tests. This cell is equipped with

specific rigid dynamometer providing an ultimate load

of 2000 N with a specimen deflection measuring system
using a deflectometer suspended on the specimen. The

testing machine used is designed only for the displace-

ment of a loading crosshead and control of its speed. To

study R-curve effect, a compliance technique was used.

Notched specimen was placed into the hard load cell.

Then loading of the specimen was made up to crack

growth onset followed by unloading. Besides recording

load-deflection diagrams, after each unloading of spec-
imen, its polished lateral surface was examined by an

optical microscope (�1000) to measure crack length.

After measurement of crack length the next loading-

unloading cycle was made. The operations were re-

peated up to total failure of specimen. Apparent fracture

toughness was calculated by using of the expressions

(12), (23) and (24).
4. Results and discussion

Asymmetric structure of layered specimens under

study results in linear variation of residual stresses

within each layer. The residual stress values calculated

from thermoelastic parameters and specimen geometry

using Eq. (15) are listed in Table 4. One can see that the
greatest stress gradient is in laminate specimen Si3N4/

Si3N4–30wt% TiN.

The critical issue to analyze fracture behavior of

laminates is a choice of coordinate system. Calculated

values of apparent fracture toughness Kapp in layered



Table 4

Calculated residual stresses in Si3N4/Si3N4–Xwt% TiN layered materials

Layer number Layer composition Residual stressa (MPa)

X ¼ 20 (specimens of type 1) X ¼ 20 (specimens of type 2) X ¼ 30 (specimens of type 3)

1 Si3N4 )131.7/)135.9 )157.7/)156.6 )31.3/)131.6
2 Si3N4–Xwt% TiN 128.0/123.4 106.8/108.5 283.9/244.8

3 Si3N4 )140.4/)144.1 )154.9/)154.1 )168.9/)187.3
4 Si3N4–Xwt% TiN 119.6/112.8 109.4/111.1 225.5/187.5

5 Si3N4 )150.8/)153.7 )152.4/)151.6 )223.5/)243.0
6 Si3N4–Xwt% TiN 109.8/104.3 111.9/113.1 167.1/131.9

7 Si3N4 )159.0/)161.8 )150.4/)149.4 )276.6/)295.5
8 Si3N4–Xwt% TiN 101.4/96.6 114.1/115.3 112.1/77.3

9 Si3N4 )166.5/)169.2 )148.3/)147.5 )328.6/)345.4
10 Si3N4–Xwt% TiN 93.8/88.4 116.1/117.6 59.7/17.9

11 Si3N4 )174.5/)177.1 )146.0/)145.2 –

12 Si3N4–Xwt% TiN 85.8/80.0 118.5/120.2 –

13 Si3N4 )182.7/)186.0 )143.5/)142.3 –

14 Si3N4–Xwt% TiN 76.6/73.7 121.5/122.2 –

15 Si3N4 – )141.5/)140.8 –
aResidual stresses are presented in the format ‘‘stress on low interface’’/‘‘stress on up interface’’; compressive stresses are negative, tensile stresses

are positive.
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specimens under study are analyzed depending on crack

length parameter ~a, where ~a ¼ Y ðaÞa1=2. The crack
length parameter ~a is the most appropriate to demon-

strate critical conditions of crack growth. One of ad-

vantages of this parameter using is that stress intensity

coefficient of an edge crack for fixed value of applied

stress rm is depicted in coordinate system Kapp � ~a as a

straight line from the coordinate origin. Indeed, it fol-

lows from (22) that K1 ¼ rm~a, therefore, the slope of

straight line equals to applied stress rm. The conditions
for unstable crack growth in internal stress field are as

follows [9]: K1ðrm; aÞ ¼ KappðaÞ; dK1ðrm; aÞ=daP
dKappðaÞ=da. Using parameter ~a, these conditions be-

come: rm~a ¼ Kappð~aÞ; rm P dKappð~aÞ=d~a. The last two

conditions can be reduced to

Kappð~aÞ=~aP dKappð~aÞ=d~a: ð26Þ
It follows from Eq. (26) and Fig. 5 [9] that unstable

crack growth occurs as the slope of straight line,
Kapp

ã

dKapp/dã

Kapp/ã=σm

fracture
resistance 

stress intensity factor
at constant applied

stress 

0 

Fig. 5. Condition of unstable crack growth in internal stress field.
corresponding to stress intensity factor at constant ap-

plied stress, is no less than the slope of tangent line to
fracture resistance curve at the same point.

Fig. 6 shows dependence of apparent fracture

toughness on crack length parameter ~a in laminate

Si3N4/Si3N4–20wt% TiN, specimens of type 1 (solid

curve). The areas corresponding to compressive and

tensile layers are shown in gray and white, respectively.

The fracture toughness of layer material is shown as

horizontal straight line. The dependence of apparent
fracture toughness on ~a is non-monotonous. The ap-

parent fracture toughness increases in compressive lay-

ers and decreases in tensile layers. The peak values of

Kapp correspond to interfaces between layers. The ap-

parent fracture toughness of the layered composite

varies from 2 to 10 MPam1=2 depending on crack

length. Initial notch tip is in tenth layer that is under

residual tension. Mean value of measured apparent
fracture toughness corresponding to initial notch is

5.57 MPam1=2 that is in accord with calculated value.

Note that each experimental point in Figs. 6–8 corre-

sponds to average value for three to five specimens.

Unloading was made after small advance of crack from

initial notch. Crack arrest occurred in 12th layer of

specimen. The length of arrested crack was measured.

Then the next loading resulted in the total failure of
specimens. Mean value of measured apparent fracture

toughness corresponding to arrested crack is 7.42

MPam1=2 that is also in accord with calculated value.

Fig. 7 shows dependence of apparent fracture

toughness on crack length parameter ~a in specimens of

type 2 of laminate Si3N4/Si3N4–20wt% TiN. Designa-

tions are the same as in Fig. 6. The dependence of ap-

parent fracture toughness on crack length parameter is
non-monotonous also. The fracture toughness behavior
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Fig. 6. Dependence of apparent fracture toughness on crack length

parameter ~a in laminate Si3N4/Si3N4–20wt%TiN (specimens of type 1).

Areas of compressive layer are shown in grey. Solid curve is the calcu-

lated dependence, horizontal line is the fracture toughness of layer

material. Dashed line is the stress intensity factor at constant applied

stress of crack growth onset. Open circle corresponds to initial notch,

filled circle corresponds to arrested crack.
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Fig. 8. Dependence of apparent fracture toughness on crack length

parameter ~a in laminate Si3N4/Si3N4–30wt%TiN (specimens of type 3).

Designations are the same as in Fig. 6.
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Fig. 7. Dependence of apparent fracture toughness on crack length

parameter ~a in laminate Si3N4/Si3N4–20wt%TiN (specimens of type 2).

Designations are the same as in Fig. 6.
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in compressive and tensile layers in specimens of type 2

is qualitatively similar to that in specimens of type 1.

However, difference of specimens geometry results in

some difference of apparent fracture toughness range.

Specifically the apparent fracture toughness of speci-

mens of type 2 varies from 3 to 11 MPam1=2. Initial

notch tip in the specimen is also in tenth layer that is

under residual tension. In this case mean value of
measured apparent fracture toughness corresponding to

initial notch is 6.39 MPam1=2. That is in accord with
calculated value too. After unloading crack was arrested

in 12th layer like specimens of type 1. Specimens of type

2 with arrested crack demonstrate the apparent fracture

toughness value of 6.27 MPam1=2. This is in good ac-

cord with calculated value.

Fig. 8 shows dependence of apparent fracture

toughness on crack length parameter ~a for the laminate
Si3N4/Si3N4–30wt% TiN (specimens of type 3). Desig-

nations are also the same as in Figs. 6 and 7. In this case

we have non-monotonous dependence too. Apparent

fracture toughness range in Fig. 8 is more wide and

different from range of Si3N4/Si3N4–20wt% TiN lami-

nate due to differences of composition and geometry.

The apparent fracture toughness of Si3N4/Si3N4–30wt%

TiN laminate varies from 0.1 to 12 MPam1=2. Initial
notch tip in the specimen is in eighth layer that is under

residual tension. The mean value of measured apparent

fracture toughness corresponding to initial notch is 5.31

MPam1=2. After unloading crack was arrested in the

same (8th) layer. Si3N4/Si3N4–30wt% TiN specimens

with arrested crack demonstrate the apparent fracture

toughness value of 5 MPam1=2. In contrast to Si3N4/

Si3N4–20wt% TiN layered specimens, there is essential
difference of experimental and calculated apparent

fracture values. Specifically, mean apparent fracture

toughness, corresponding to initial notch, exceeds the

calculated value by 2.1 MPam1=2. The mean apparent

fracture toughness, corresponding to arrested crack,

exceeds the calculated value by 4 MPam1=2. The differ-

ence can be associated with existence of stable crack

growth in compressive layer following the layer con-
taining notch tip. An explanation of the difference be-

tween experimental and theoretical values of fracture

toughness of layered specimens studied is considered

elsewhere [16].



A

B

C D

E

Kapp

ãã0 ãf
O F

A

B

C
Kapp

ãã0O

E'

D'

F'
ã'

f

(a)

(b)

Fig. 9. Stages of crack arresting in layered specimen: (a) crack is

arrested in tensile layer; (b) crack is arrested in compressive layer.
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Let consider some features of crack arresting in our

experiments. Open circle A in Fig. 9 designates the ini-

tial state of testing: initial notch without loading. Open

circle B corresponds to the crack growth onset at some

critical applied stress. Open circles depict the initial
notch with length a0. Filled circle C corresponds to the

onset of unloading. Note that the applied stress in-

creases permanently during loading stage (from A to C

in Fig. 9), while the crack begins to grow only as applied

stress intensity factor becomes more than apparent

fracture toughness (from B to C in Fig. 9). The crack

growth under unloading can vary depending on the rate

of applied stress decreasing. Schematically it is shown in
Fig. 9 by two ways of crack development (C–D–E–F,

Fig. 9(a); C–D0–E0–F0, Fig. 9(b)). The curve C–D0–E0–F0

corresponds to greater rate of applied stress falling.

Filled circles D and D0 characterize current positions of
moving crack tip under unloading. Filled circles E and

E0 designate the crack arresting when applied crack in-

tensity factor becomes less than apparent fracture

toughness. Filled circles F and F0 depict the final state of
crack with length af (or a0fÞ after full unloading. One can

see from Fig. 9 that different conditions of unloading

can result in various distance passed by the crack. If C–

D–E–F way is realized, the crack is arrested in next

tensile layer (Fig. 9(a)). If C–D0–E0–F0 way is realized

the crack is arrested in the nearest compressive layer

(Fig. 9b). In general case, unloading conditions can re-

sult in many different final positions of crack tip. It can
be either in layer with initial notch tip or in any more

remote layer. Returning to our experimental data we

note that rather C–D–E–F way than C–D0–E0–F0 is re-
alized in the laminate specimens containing 20% TiN in

tensile layers. At the same time the specimens with 30%

TiN in tensile layers demonstrate C–D0–E0–F0 way at

unloading, which may be associated with existence of

stable crack growth in compressive layer following the
layer containing notch tip. The problem will be analyzed

elsewhere [16].

In such a way we have two stages of loading process

and three stages of crack behavior. First stage of loading

process is the applied stress increasing to some maxi-

mum value (from A to C in Fig. 9(a)). Second stage of

loading process is the applied stress decreasing up to

zero (from C to F in Fig. 9(a)). First stage of crack
behavior is the absence of crack growth until applied

stress intensity factor is less than apparent fracture

toughness (from A to B in Fig. 9(a)). Second stage of

crack behavior is the crack growth (from B to E in

Fig. 9(a)). Third stage of crack behavior is the absence

of crack growth as applied stress intensity factor is less

than apparent fracture toughness again (from E to F in

Fig. 9(a)).
The condition for stable crack growth in residually

stressed layers can be obtained from (26). The stable

crack growth can occur when Kappð~aÞ=~a < dKappð~aÞ=d~a.
As the condition is fulfilled load decreasing results in

indispensable crack arresting. The crack arresting in

stable growth condition differs from features of crack

arresting being in our work. This is due to the fact that

unstable crack growth was observed for the layered
specimens investigated. Crack arresting does not depend

upon unloading rate in conditions of stable crack

growth. Crack will be arrested in any case as applied

load does not increase. At the same time crack arresting

for unstable crack growth is dependent strongly on

stress decreasing rate. The unloading rate is determined

mainly by stiffness of loading cell. The more is the

stiffness the less is crack path before arresting. It is ev-
ident that stable crack growth will lead to strengthening

and an insensitivity of strength to the initial flaw size. In

a layered material design process it is necessary to de-

termine the range of stable crack growth and strength-

ening if the range of flaws in layers is known. Usually

technological flaws are relatively small in laminates.

Only rising dependence of apparent fracture toughness

on crack length is not enough to obtain desirable
strengthening and toughening. The dependence is
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effective in imparting flaw tolerance only if the slope of

the apparent fracture toughness curve is steep at short

crack lengths. Obtaining high residual compressive

stress is an effective way to provide high toughness at

small crack lengths, thereby ensuring flaw tolerance and
surface damage resistance.

A key issue of the mechanical behavior of layered

composites is an effect of their apparent fracture

toughness on strength properties and reliability. As was

shown above the crack instability criterion involves the

point of tangency between the applied (crack driving)

stress intensity factor and the apparent fracture tough-

ness curve. It is only beyond the tangency point that
unstable crack propagation occurs, leading to cata-

strophic failure. A unique material toughness parame-

ter, K1c, no longer controls the applied stress at which

fracture occurs; it is the exact form of the Kapp curve,

KappðaÞ, that determines the fracture stress of a layered

material. The residual stresses distribution is superim-

posed upon the strength behavior of layered composites.

Residual stress as well as initial cracks have essential
effect on fracture stress. For instance, it was shown in

[19,20] that the strength of the three-layer Al2O3–

15 vol% ZrO2 composite with residual stress was about

500 MPa greater than those of monolithic ceramic. One

can suppose that, in case of crack growth, residual stress

affects laminate strength in more complicated manner as

compared to simple superposition of stresses.

It is of interest to compare how the stress required
to grow a crack of a given length differed from what

would be required to grow the crack in the monolith

minus the internal stress in the layer where the crack

tip lies. For example, calculation results to compare the

behavior of these stresses in specimens of type 2 de-

pending on relative crack length a=w are shown in
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Fig. 10. Stresses required for crack growth vs crack length. 1 is the

crack growth stress in monolithic material; 2 is the fracture stress of the

layered material; 3 is the superposition of the crack growth stress in

monolithic material and residual stresses in layers.
Fig. 10. Curve 1 corresponds to the crack growth stress

in monolithic material calculated as fracture toughness

of the material divided by crack length parameter.

Curve 2 is the fracture stress of the layered material

calculated from (24). Curve 3 is the superposition of
the crack growth stress in monolithic material and re-

sidual stresses in layers. One can see that in first layer

the difference of the stresses depicted by curves 2 and 3

is small. In other words, for the first layer the differ-

ence of fracture stress for the monolith and that for the

laminate practically equals absolute value of residual

stress in this layer.

In the next layers the stresses corresponded to curves
2 and 3 differ substantially. Note that the fracture stress

magnitudes depicted by curve 3 can be negative for

tensile layers. This is due to the fact that tensile residual

stress is more than the fracture stress for monolithic

material if crack is too long. It means that simple su-

perposition is not valid for long cracks crossing several

layers.
5. Conclusions

The toughening of ceramic matrix asymmetric lam-

inates with elastic inhomogeneity has been studied both

analytically and experimentally. Applied and residual

stress distributions are determined for arbitrary alter-

ation of different layers. Expression for apparent frac-
ture toughness of residually stressed asymmetric

layered material is obtained. The most appropriate

coordinate system to analyze fracture conditions of

laminar composite was shown to be the system where

apparent fracture toughness is depicted depending on

crack length parameter ~a ¼ Y ðaÞa1=2. The dependences

of apparent fracture toughness on crack length pa-

rameter are calculated for the specimens tested. Con-
ditions of crack arresting, stable and unstable crack

growth in layered structure are analyzed. It was shown

that the crack path before arresting can vary depending

on stiffness of loading cell. Experimental values of

apparent fracture toughness were measured with com-

pliance technique. They are in good agreement with

calculation data.
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